It is known that practical stability is neither stronger nor weaker than Lyapunov stability. In this paper we combine perturbing Lyapunov technique with stability in terms of two measures to obtain nonuniform practical stability results under weaker assumptions. We also use comparison methods to obtain these results.
Introduction
It is well-known [6] that stability and even asymptotic stability themselves are neither necessary nor sufficient to ensure practical stability. The desired state of a system may be mathematically unstable; however, the system may oscillate sufficiently close to the desired state, and its performance is deemed acceptable. It is also known [6] that practical stability is neither weaker nor stronger than the usual stability; an equilibrium can be stable in the usual sense, but not practically stable, and vice versa. Practical stability is, in a sense, a uniform boundedness of the solution relative to the initial conditions, but the bound must be sufficiently small.
Lyapunov's second method, also known as the direct method, is a widely recognized and used technique for studying the stability of nonlinear systems. This method employs the construction of a Lyapunov function. Unfortunately, a Lyapunov function may not satisfy all the desired conditions. As a result, one may find it more advantageous to perturb that Lyapunov function as opposed to discarding it [5] . Also, through the use of two measures [5] , rather than the usual norm, one can unify a variety of earlier known boundedness and stability results.
In this paper, we obtain practical results via perturbing Lyapunov function techniques and in terms of two measures. We also use the comparison method to obtain our results. These result refine the earlier results in [5] ho, hl,h2 G F, hl(t,x(t)) <_ l(t,x(t)), h2(t,x(t)) <_ 92(t, ho(t,x(t))), whenever ho(t,x(t)) < A and 9l(t,x(t)), 992(t,x(t)) CK; Vo(t x) e C[R + x Un, R + ], Vo(t x) is locally Lipschitzian in x and (a) Vo(t,x < ao(t, ho(t,x)) for (t,x) eff(ho, a), where ao(t, V2(tl,x(tl)) + Vo(tl,x(tl)) <_ a2(2L()))+ 3ao(to,/), by (As)(c). Also, D + (V2(t,x(t))+ Vo(t,x(t)) <_ g2(t, V2(t,x(t))+ Vo(t,x(t))). The next theorem gives conditions for which one can obtain uniform practical stability.
Theorem 3.2: Assume that the assumptions of Theorem 3.1 hold, except that (A1) (A2)(a) and (A6) are strengthened to (A) hl(t,x(t)) <_ l(ho(t,x(t))), h2(t,x(t)) <_ 2(,ho(t,x(t))), whenever ho(t,x(t)) < , and l(t,x(t)), 2(t,x(t)) E K; (A2) (a*) Vo(t,x <_ ao(ho(t,x)) for (t,x) e S(ho,/), where ao(t,x K; Under similar conditions, one can also obtain strongly uniformly practical stability results.
Theorem 3.3: Assume that the assumptions of Theorem 3.2 hold, with (As) holding on [ + x S(h2, A f'l S(hl,L()). Then, system (2.1) is (ho, hl)-uniformly practically stable and (ho, h2)-strongly uniformly practically stable, provided (2.2) and (2.3) are uniformly practically stable and (2.4) is strongly uniformly practically stable.
Proof: By Theorem 3.1, (2.1) is (h0, hl)-uniformly practically stable and (h0, h2)-uniformly practically stable. Therefore, it suffices to prove that (2.1) is (h0, h2)-uniformly practically quasi-stable with respect to (),A,B,T)> 0. Suppose (2.4) is uniformly practically-quasi stable with respect to (3a0() + a2(2A), b2(A), b2(B), T)> 0. Then, v o < 3ao(A + a2(2A implies that v(t) < b2(B), t > t o + T, for any t o N+, where v(t, to, Wo) is any solution of (2.4). Suppose x(t, to, Xo) is any solution of (2.1) satisfying ho(to, Xo) < "0" Then h2(t,x < A, t >_ t o and hl (t,x < i(,) We also have by (A5) that D + (Vo(t,x(t)) + V2(t,x(t)) <_ g2(t, Vo(t,x(t)) + V2(t,x(t))).
Consequently, by Theorem 2.1, Vo(t,x(t)) + V2(t,x(t)) <_ r2(t, to, Vo(to, x(to)) + V2(to, x(to)) < b2(e).
As a result, we obtain h2(t,x(t))< , since b2(h2(t,x(t))) <_ V2(t,z(t)) <_ Vo(t,x(t)) + V2(t,x(t)) < b2(), Proofi The proof the the uniform practical stability follows along the same lines as in Theorem 3.1; whereas, the proof for the uniformly attractive in the large is the same as that in Theorem 3.3.
As a special case of the above theorem, we have the following corollaries which do not require the knowledge of the comparison equations.
Corollaries
Corollary 3.1: Assume that assumptions (A1) through (A6) of Theorem 3.1 hold with assumptions (A3)(b), (A4)(c) and (As)(C) replaced by (A3) (b*) D + Vo(t,x(t)) <_ 0 on + n; (A4) (c*) D + (Vo(t,x(t)) + Vl(t,x(t)) <_ 0 on SC(hl,) S(hl,A); (A5) (c*) .D + (Vo(t x(t)) + V2(t x(t))) < 0 on S(h2, A) f3 S(hl, L(&)) n SC(h2, L(&)).
Then, (2.1) is (ho, hl) and (ho, h2)-practically stable.
Corollary 3.2: Assume that the assumptions (A1) through (A6) of Theorem 3.2 hold with assumptions (A3)(b), (A4)(c) and (A5)(c) replaced by assumptions (A3)(b*), (A4)(c*) and (As)(C*) in Corollary 3.1. Then, (2.1)is (ho, h) and (ho, h2)-practically stable.
Corollary 3.3: Assume that assumptions (A1.) through (A6) of Theorem 3.4 hold with assumption (A5)(c) replaced by
